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The conductive heat transfer between two elastic bodies in the static contact can cause the system to be
unstable due to the interaction between the thermoelastic distortion and pressure-dependent thermal
contact resistance. This paper investigates the thermoelastic contact instability of a functionally graded
material (FGM) layer and a homogeneous half-plane using the perturbation method. The FGM layer and
half-plane are exposed to a uniform heat ﬂux and are pressed together by a uniform pressure. The
material properties of the FGM layer vary exponentially along the thickness direction. The characteristic
equation governing the thermoelastic stability behavior is obtained to determine the stability boundary.
The effects of the gradient index, layer thickness and material combination on the critical heat ﬂux are
discussed in detail through a parametric study. Results indicate that the thermoelastic stability behavior
can be modiﬁed by adjusting the gradient index of the FGM layer.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
When two elastic bodies are pressed together or sliding against
each other, the heat ﬂux across the interface or the frictional heat
generation can cause the thermoelastic distortion, and hence mod-
ify the contact pressure distribution and the content of the contact
area. This feedback process is generally found to be unstable and is
known as the thermoelastic instability. Thermoelastic instability
can be identiﬁed as two distinct categories. The ﬁrst category is
described in sliding contact system involving the frictional heat,
and also called as the frictionally-excited thermoelastic instability
(Barber, 1969). The second category is found in the static contact
system, where the heat ﬂux transfers across the contact interface,
due to the pressure-dependent thermal contact resistance (Thomas
and Probert, 1970; Yigit and Barber, 1994). Here, we call it as the
static thermoelastic instability. The behavior of the thermoelastic
instability is of considerable importance in many industrial set-
tings, such as castings, moulding, valves, pistons, thermostats,
thermal expansion of railways, cylinder heads, etc (Lee and
Dinwiddie, 1998). The thermoelastic instability problems of these
two categories have been concerned by many investigators, which
will be reviewed brieﬂy.1.1. Frictionally-excited thermoelastic instability
If the sliding speed is sufﬁciently high, both steady-state and
transient solutions can be unstable in the sense that an arbitrarily
small perturbation in the initial condition can cause large changes
in the subsequent behavior and ﬁnally result in the frictionally
excited thermoelastic instability (Dow and Burton, 1972). Burton
et al. (1973) developed the perturbation method to investigate
the contact stability between two sliding tubes. With this method,
Lee and Barber (1993) investigated the frictionally-excited thermo-
elastic instability in automotive disk brake systems. The system
was modeled as a layer with the ﬁnite thickness sliding between
two half-plane pressed by a uniform pressure. Yi et al. (1999) used
the ﬁnite element method to reduce the problem of the thermo-
elastic instability for a brake disk to an eigenvalue problem for
the critical speed. They also explored the effect of increasing geo-
metric complexity on the critical speeds and the associated mode
shapes. Yi et al. (2000) proposed the Fourier reduction method to
obtain a remarkably efﬁcient solution of the frictional thermoelas-
tic stability problem for systems with the axisymmetric geometry.
Lee (2000) studied the frictionally-excited thermoelastic instability
in automotive drum brake systems with one side frictional heating
model. The effect of the friction coefﬁcient and brake material
properties on the critical speed was examined. Decuzzi et al.
(2001) considered the frictionally-excited thermoelastic instability
in multi-disk clutches and brakes by introducing a two
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Fig. 1. An FGM layer on a homogeneous half-plane pressed by a uniform pressure
and transmitting heat.
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were replaced by layers of the ﬁnite thickness.
1.2. Static thermoelastic instability
When the heat is conducted across an interface between two
bodies in the static contact, the system could also show unstable
due to the thermoelastic distortion and pressure-dependent ther-
mal contact resistance. Barber and his co-authors have achieved
some pioneering works in the static thermoelastic instability.
Barber (1978) gave an assumption of the thermal contact resis-
tance varying with the contact pressure to avoid certain problems
in which a cooled rigid punch indents an elastic half-space have no
steady state solution. Barber (1987) analyzed the stability of
nominally uniform contact between two elastic half-planes by
assuming the pressure-dependent thermal contact resistance.
Zhang and Barber (1990) presented the stability criterion for the
thermoelastic contact of two dissimilar materials, and found that
the material combinations can be classiﬁed into ﬁve categories
depending on the ratios of the thermal conductivities, diffusivities
and distortivities. By extending Zhang and Barber’s results, Yeo and
Barber (1991) studied the contact stability between a layer and a
half-plane taking into account the effect of the layer thickness. Li
and Barber (1997) discussed the thermoelastic stability of a system
consisting of two layers in contact by using the perturbation
method. Moreover, Schade and his co-authors conducted the
thermoelastic stability of two bonded half-plane (Schade et al.,
2000) and a layer bonded to a half-plane (Schade and Karr, 2002).
Specially, the coupled problem between the frictionally-excited
thermoelastic instability and static thermoelastic instability for the
homogeneous materials has been investigated by Ciavarella and
his co-workers. Ciavarella et al. (2003) considered a thermoelastic
rod sliding against a rigid plane with both the frictional heating
and thermal contact resistance. Afferrante and Ciavarella
(2004a,b) studied the combined effect of pressure-dependent ther-
mal contact resistance and frictional heating in the context of an
elastic conducting half-plane sliding against a rigid perfect conduc-
tor wall or two half-planes sliding out-of-plane. Afferrante and
Ciavarella (2004c) extended the Aldo model to the case of frictional
sliding. They found that when the solution was unique, it was
always stable. Ciavarella and Barber (2005) presented the stability
boundary for the thermoelastic contact of a rectangular elastic
block sliding against a rigid wall. This geometry was considered
as intermediate between the idealized ‘‘Aldo’’ rod model and con-
tinuum solution for the elastic half-plane.
Functionally graded materials (FGMs) are usually a mixture of
two distinct material phases with continuously varying volume
fractions of constituent materials, hence their effective material
properties change in a continuous and smooth manner. FGMs used
as coatings or interfacial zones can reduce the magnitude of resid-
ual and thermal stresses, mitigate stress concentration, and
increase fracture toughness (Suresh and Mortensen, 1997). In the
past few years, many experimental and numerical results have
shown that a properly controlled material property gradient in
FGMs can lead to a signiﬁcant improvement in the resistance to
the contact deformation and damage (Suresh, 2001; Ke and
Wang, 2006; Ke and Wang, 2007; Guler and Erdogan, 2004;
Guler and Erdogan, 2006; Guler and Erdogan, 2007; El-Borgi
et al., 2006; Elloumi et al., 2010; Liu et al., 2012). Recently, many
theoretical and numerical results have shown that FGMs have
the potential application to improve thermoelastic stability behav-
iors in brake disk system of cars. Jang and his co-authors presented
comprehensive works on the frictionally-excited thermoelastic
instability of FGMs, including a stationary FGM layer between
two sliding homogeneous layers (Jang and Ahn, 2007), an FGM
half-plane sliding against a homogeneous half-plane (Lee andJang, 2009a) and an FGM layer sliding against two homogeneous
half-plane (Lee and Jang, 2009b). Their studies showed that FGMs
have a signiﬁcant effect on the contact stability in the frictional
sliding system. An optimal gradient index of FGMs can lead to a
maximum critical speed, and therefore increase the stability of
the system. Hernik (2009) employed the functionally graded
A356R-based composite in brake disk structure to prevent the loss
of global stability in contrast with homogeneous A356R composite
and stainless steel ASTM321 brake disk which guaranties safety
and durability of the braking system. So far, no work was reported
on the static thermoelastic instability of FGMs induced by the
thermal contact resistance. However, similar with the effect on
the frictionally-excited thermoelastic instability, we believe that
FGMs can also used to modify the thermoelastic contact stability
of the system conducting the heat ﬂux and thus motivate us to
investigate the static thermoelastic contact stability of FGMs.
In this paper, the static thermoelastic contact instability of an
FGM layer and a homogeneous half-plane under the plane strain
state is investigated by using the perturbation method. The FGM
layer and homogeneous half-plane are pressed together by a uni-
form pressure and transmit a uniform heat ﬂux in the thickness
direction. The material properties of the FGM layer vary exponen-
tially along the thickness direction. A pressure-dependent thermal
contact resistance at the interface is considered because of the
imperfect contact between the FGM layer and the half-plane. The
characteristic equation is obtained to determine the stability
boundary for three types of material combinations. A parametric
study is presented to examine the effects of the gradient index,
layer thickness and material combination on the critical heat ﬂux.
2. Formulation of the thermoelastic instability problem
Fig. 1 shows the contact between an FGM layer (0 6 y 6 hÞ and
a homogeneous half-plane (y < 0Þ at their common place y ¼ 0.
The FGM layer and homogeneous half-plane are pressed together
by a uniform pressure p0 and transmit a uniform heat ﬂux
qy ¼ q0 in the positive y direction. The thermoelastic properties
of the FGM layer vary along the thickness direction according to
the exponential forms as
lðyÞ ¼ lbeby; b ¼ lnðlt=lbÞ=h; ð1aÞ
kðyÞ ¼ kbedy; d ¼ lnðkt=kbÞ=h; ð1bÞ
aðyÞ ¼ abecy; c ¼ lnðat=abÞ=h; ð1cÞ
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q yð Þ ¼ qbe1y; 1 ¼ lnðqt=qbÞ=h; ð1eÞ
where lðyÞ; kðyÞ;aðyÞ; cðyÞ and qðyÞ are the shear modulus, thermal
conductivity coefﬁcient, thermal expansion coefﬁcient, speciﬁc
heat, density, respectively; h is the thickness of the FGM layer;
b; d; c; e and 1 are the gradient indexes; the Poisson’s ratio v is
assumed as constant for simplicity; subscripts ‘‘b’’ and ‘‘t’’ refer to
the bottom and top of the FGM layer, respectively.
2.1. Temperature perturbation
The stability of the system can be examined by ﬁnding the con-
dition under which a small perturbation in the temperature and
stress ﬁelds can grow exponentially with the time. Therefore, the
temperature perturbation can be written in the form as
Tj x; y; tð Þ ¼ f j yð Þebtþimx; j ¼ 1;2; ð2Þ
where i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
; subscripts ‘‘1’’ and ‘‘2’’ indicate the FGM layer and
half-plane; f j yð Þ are complex functions of the real variable y;m is
the wave number; and b is the exponential growth rate, which
may be (i) negative for the stable perturbation, (ii) positive for the
unstable perturbation, and (iii) zero for the threshold of instability.
The temperature perturbation must satisfy the transient heat
conduction equation
@2T1
@x2
þ @
2T1
@y2
þ d @T1
@y
¼ 1
k1
@T1
@t
; ð3Þ
for the FGM layer, and
@2T2
@x2
þ @
2T2
@y2
¼ 1
k2
@T2
@t
ð4Þ
for the homogenous half-plane, where kj ¼ kj=qjcj (j ¼ 1;2Þ are the
thermal diffusivity coefﬁcient of the FGM layer and half-plane,
respectively. Note that the thermal diffusivity coefﬁcient is not con-
stant but changed with the location in the FGM layer. For the math-
ematical convenience, it is assumed that the gradient indexes of the
thermal conductivity, density and speciﬁc heat have the relation of
d ¼ eþ 1 in order to obtain a constant thermal diffusivity coefﬁ-
cient. This assumption makes it possible to solve Eq. (3) analytically.
More importantly, our previous study (Liu et al., 2011) also indi-
cated that the graded variation of the thermal diffusivity coefﬁcient
has a slight effect on the thermoelastic ﬁelds.
Substituting Eq. (2) into Eq. (3) and solving for f 1ðyÞ, we obtain
the temperature perturbation for the FGM layer
T1 x; y; tð Þ ¼ C11eg11y þ C12eg12yð Þebtþimx; ð5Þ
where C11 and C12 are unknown constants to be determined,
g11 ¼
1
2
d
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2 þ 4 m2 þ b
k1
 s" #
;
g12 ¼
1
2
dþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2 þ 4 m2 þ b
k1
 s" #
: ð6Þ
Similarly, substituting Eq. (2) into Eq. (4) and solving for f 2ðyÞ
yield the temperature perturbation for the homogenous half-plane,
which satisﬁes the regularity condition at inﬁnity: T2 ! 0 as
y! 1. Thus, we have
T2 x; y; tð Þ ¼ C21eg21yebtþimx; ð7Þ
where C21 is an unknown constant, and
g21 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2 þ b
k2
s
: ð8Þ2.2. Thermoelastic stress and displacement ﬁelds
For both FGM layer and homogeneous half-plane, the governing
equations of the linear isotropic elastic solid under the plane strain
state are given by
r2uxj þ 2Hj  1
@2uxj
@x2
þ @
2uyj
@x@y
 !
þ b @uxj
@y
þ @uyj
@x
 
¼ 4aje
cy
Hj  1
@Tj
@x
; ð9Þ
r2uyj þ 2Hj  1
@2uyj
@y2
þ @
2uxj
@x@y
 !
þ b
Hj  1 1þHj
  @uyj
@y
þ 3Hj
  @uxj
@x
 
¼ 4aje
cy
Hj  1 bþ cð ÞTj þ
@Tj
@y
 
; ð10Þ
where j ¼ 1;2;uxj ¼ uxjðx; y; tÞ and uyj ¼ uyjðx; y; tÞ are the displace-
ments in the x and y directions, respectively; and
a1 ¼ abð1þ m1Þ; a2 ¼ a2ð1þ m2Þ; Hj ¼ 3 4mj; ð11Þ
with m1 and m2 correspond to the Poisson’s ratio of the FGM layer
and the homogeneous half-plane, respectively.
Similarly, the displacement ﬁelds induced by the temperature
perturbation can be taken the forms as
uxj x; y; tð Þ ¼ UxjðyÞebtþimx; ð12Þ
uyj x; y; tð Þ ¼ UyjðyÞebtþimx; ð13Þ
where Uxj yð Þ and UyjðyÞ are complex functions of the real variable y.
2.2.1. The FGM layer
For the FGM layer, the stress ﬁelds are deﬁned by
ry1 ¼ H1 þ 1ð Þlbe
by
H1  1
@uy1
@y
H1  3
H1 þ 1
@ux1
@x
 
 4lba1e
ðbþcÞy
H1  1 T1; ð14Þ
rxy1 ¼ lbeby
@uy1
@x
þ @ux1
@y
 
: ð15Þ
Substituting Eqs. (5), (12), and (13) into Eqs. (9) and (10), we obtain
U00x1 yð ÞþbU0x1 yð Þ
H1þ1ð Þm2
H11 Ux1 yð Þþ im bUy1 yð Þþ
2
H11U
0
y1 yð Þ
 
¼ 4ima1e
cy
H11 C11e
g11yþC12eg12yð Þ; ð16Þ
H1 þ 1
H1  1U
00
y1ðyÞ þ
bðH1 þ 1Þ
H1  1 U
0
y1ðyÞ m2Uy1ðyÞ
þ im
H1  1 bð3H1ÞUx1ðyÞ þ 2U
0
x1ðyÞ
	 

¼ 4a1e
cy
H1  1 ðbþ cþ g11ÞC11e
g11y þ ðbþ cþ g12ÞC12eg12y½ : ð17Þ
The solutions of Eqs. (16) and (17) are composed of the homoge-
neous solution and particular solution. We can write them as
Ux1ðyÞ ¼
X4
l¼1
A1lef 1ly þ A15eðcþg11Þy þ A16eðcþg12Þy; ð18Þ
Uy1ðyÞ ¼
X4
l¼1
B1lef 1ly þ B15eðcþg11Þy þ B16eðcþg12Þy; ð19Þ
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determined from boundary conditions, and
f11 ¼
1
2
b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4m2 þ b2  4imb
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3H1
H1 þ 1
svuut
2
64
3
75; ð20aÞ
f12 ¼
1
2
b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4m2 þ b2 þ 4imb
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3H1
H1 þ 1
svuut
2
64
3
75; ð20bÞ
f13 ¼
1
2
bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4m2 þ b2  4imb
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3H1
H1 þ 1
svuut
2
64
3
75; ð21aÞ
f14 ¼
1
2
bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4m2 þ b2 þ 4imb
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3H1
H1 þ 1
svuut
2
64
3
75; ð21bÞ
B1l ¼ islA1l; sl ¼
f 21l þ bf1l
 
H1  1ð Þ m2 H1 þ 1ð Þ
2f1l þ b H1  1ð Þ½ m
;
l ¼ 1;2;3;4; ð22Þ
B15 ¼ N1A15imM1 ; B16 ¼
N2A16
imM2
; ð23Þ
Mj ¼
Pj  Qj þ 2ðH12ÞH11 b
h i
bþ cþ g1j
 
Pj
H11
H1þ1 Pj 
4H1m2
H211
h i
þm2Qj Qj þ 2ðH12ÞH11 b
h i ; ð24Þ
Nj ¼
bþ cþ g1j
 
H11
H1þ1 Pj 
4H1m2
H211
h i
þm2Qj
Pj
H11
H1þ1 Pj 
4H1m2
H211
h i
þm2Qj Qj þ 2ðH12ÞH11 b
h i ; ð25Þ
Pj ¼ H1 þ 1H1  1 ðcþ g1jÞ
2 þ bH1 þ 1
H1  1 ðcþ g1jÞ m
2;
Qj ¼ b
3H1
H1  1þ
2
H1  1 ðcþ g1jÞ; j ¼ 1;2; ð26Þ
A15 ¼ 4im
a1M1
H1  1 C11; A16 ¼
4ima1M2
H1  1 C12: ð27Þ
Hence, the displacements of the FGM layer can be further expressed
as
ux1ðx; y; tÞ ¼
X4
l¼1
A1l ef 1ly þ A15eðcþg11Þy þ A16 eðcþg12Þy
" #
ebtþimx; ð28Þ
uy1ðx;y;tÞ¼
X4
l¼1
islA1lef 1lyþ N1imM1A15 e
ðcþg11Þyþ N2
imM2
A16eðcþg12Þy
" #
ebtþimx:
ð29Þ
Substituting Eqs. (28) and (29) into Eqs. (14) and (15) yields the
stress ﬁelds of the FGM layer
ry1ðx;y;tÞ¼ l1e
by
H11
X4
l¼1
islf 1l H1þ1ð Þþ im 3H1ð Þ½ A1lef 1ly
(
þ il1
mM1
 i H1þ1ð Þl1N1 cþg11ð Þ
H11ð ÞmM1 
im H13ð Þl1
H11
 
A15eðbþcþg11Þy
þ il1
mM2
 i H1þ1ð Þl1N2 cþg12ð ÞðH11ÞmM2 
im H13ð Þl1
H11
 
A16eðbþcþg12Þy

ebtþimx;
ð30Þrxy1ðx;y;tÞ¼l1eby
X4
l¼1
f1lmslð Þe f1lyA1lþ cþg11þ
N1
M1
 
eðcþg11ÞyA15
"
þ cþg12þ
N2
M2
 
eðcþg12ÞyA16

ebtþimx: ð31Þ2.2.2. The homogeneous half-plane
For the homogeneous half-plane, the stress ﬁelds are given by
ry2 ¼ H2 þ 1ð Þl2H2  1
@uy2
@y
H2  3
H2 þ 1
@ux2
@x
 
 4l2a2
H2  1 T2; ð32Þ
rxy2 ¼ l2
@uy2
@x
þ @ux2
@y
 
: ð33Þ
Substituting Eqs. (7), (12), and (13) into Eqs. (9) and (10) and
setting the parameters d; b and c as zero, we obtain
U00x2ðyÞ 
H2 þ 1
H2  1m
2Ux2ðyÞ þ 2imH2  1U
0
y2ðyÞ ¼
4ima2
H2  1C21e
g21y; ð34Þ
H2 þ 1
H2  1U
00
y2ðyÞ m2Uy2ðyÞ þ
2im
H2  1U
0
x2ðyÞ ¼
4g21a2
H2  1C21e
g21y: ð35Þ
Similar with the FGM layer, the solutions of Eqs. (34) and (35) are
written as
Ux2 yð Þ ¼ A21 þ A22yð Þemy þ A23eg21y;
Uy2 yð Þ ¼ B21 þ B22yð Þemy þ B23eg21y; ð36Þ
where A21;A22;A23;B21;B22 and B23 are unknowns to be determined
from boundary conditions,
B21 ¼ iA21 þ iH2m A22; B22 ¼ iA22; ð37Þ
B23 ¼  ig21m A23; A23 ¼
4ima2
g221 m2
 
H2 þ 1ð Þ
C21: ð38Þ
Thus, the displacement ﬁelds of the homogeneous half-plane,
which satisfy the regularity condition ux2 x;1; tð Þ ¼ 0 and
uy2 x;1; tð Þ ¼ 0, are obtained as
ux2ðx; y; tÞ ¼ A21 þ A22yð Þemy þ A23eg21y½ ebtþimx; ð39Þ
uy2ðx; y; tÞ ¼ i A21 þ yH2m
 
A22
 
emy  ig21
m
A23eg21y
 
ebtþimx:
ð40Þ
The corresponding stress ﬁelds are
ry2ðx;y;tÞ¼ 2il2 mA21þ
1þH2
2
my
 
A22
 
emy2il2mA23eg21y
 
ebtþimx;
ð41Þ
rxy2ðx;y;tÞ¼ 2l2 mA21þ
1H2
2
þmy
 
A22
 
emyþ2l2g21eg21yA23
 
ebtþimx:
ð42Þ
For the stress and displacement ﬁelds of the FGM layer and half-
plane, there are nine independent unknowns
A11; A12; A13; A14; A15; A16; A21; A22 and A23, which can be deter-
mined by the boundary conditions and thermal contact resistance
relation described in the next sub-sections.
2.3. Boundary conditions
The heat ﬂux and traction at the upper surface of the FGM layer
are prescribed to be uniform and hence the perturbations in the
quantities are zero, i.e.,
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At the interface y ¼ 0, the contact is frictionless and the heat ﬂux,
stress and displacement are continuous,
rxy1 x;0; tð Þ ¼ rxy2 x;0; tð Þ ¼ 0; ry1 x;0; tð Þ ¼ ry2 x;0; tð Þ; ð44Þ
uy1 x;0; tð Þ ¼ uy2 x;0; tð Þ; q1 x;0; tð Þ ¼ q2 x; 0; tð Þ; ð45Þ
where
q1ðx; y; tÞ ¼ k1edy
dT1ðx; y; tÞ
dy
¼ ik1edyH1  14ma1
 A15g11
M1
eg11y þ A16g12
M2
eg12y
 
ebtþimx; ð46Þ
q2 x; y; tð Þ ¼ k2
@T2 x; y; tð Þ
@y
¼ ik2g21
g221 m2
 
H2 þ 1ð Þ
4ma2
A23eg21yebtþimx: ð47Þ
The above boundary conditions can lead to a system of eight
equations, which are not sufﬁciently to be solved for nine
unknowns A11  A16 and A21  A23. However, these unknowns can
be obtained by adding the perturbation of the thermal contact
resistance relation.
2.4. Perturbation of the thermal contact resistance relation
We can express the perturbations in the contact pressure Dp,
temperature drop DT, and heat ﬂux Dq at the interface as
Dp ¼ ry1ðx;0; tÞ ¼ il1
1
H1  1
X4
l¼1
slf1l H1 þ 1ð Þ þm 3H1ð Þ½ A1l
(
þ 1
mM1
 H1 þ 1ð ÞN1 cþ g11ð Þ
H1  1ð ÞmM1 
m H1  3ð Þ
H1  1
 
A15
þ 1
mM2
 H1 þ 1ð ÞN2 cþ g12ð ÞðH1  1ÞmM2 
m H1  3ð Þ
H1  1
 
A16

ebtþimx; ð48Þ
DT ¼ T2 x;0; tð Þ T1 x;0; tð Þ
¼ g
2
21m2
 
H2þ1ð Þ
4ima2
A23H114ima1
A15
M1
þA16
M2
  
ebtþimx; ð49Þ
Dq ¼ q2 x;0; tð Þ ¼ ik2g21
g221 m2
 
H2 þ 1ð Þ
4ma2
A23ebtþimx: ð50Þ
Because of the imperfect contact between the layer and the
half-plane, a pressure-dependent thermal contact resistance R at
the interface is deﬁned as (Barber, 1987)
q ¼ T

RðpÞ ; ð51Þ
where T is the temperature drop across the interface. Note that Eq.
(51) can give the critical temperature drop after we obtain the crit-
ical heat ﬂux at the interface. Obviously, the critical temperature
drop is proportional to the critical heat ﬂux for a given thermal con-
tact resistance. For details about the critical temperature drop and
its effect on the critical heat ﬂux, please refer to Afferrante and
Ciavarella (2004a).
Hence for small perturbations under the steady state, we have
(Barber, 1987)
R0Dqþ q0DR ¼ DT; ð52Þ
where
DR ¼ R0Dp; R0 ¼ R p0ð Þ; ð53Þ
with R0 ¼ dR pð Þ=dp. Substituting Eqs. (48)–(50) into Eq. (52) yieldsq0lbR
0
H11
X4
l¼1
LlA1lþ q0lbR0W1þ
H11
4ma1M1
 
A15
þ q0lbR0W2þ
H11
4ma1M2
 
A16þ
g221m2
 
H2þ1ð Þ 1þk2g21R0ð Þ
4ma2
A23¼0:
ð54Þ
Using Eq. (54) and the boundary conditions (43)–(45), we obtain a
system of nine linear homogeneous equations for nine unknowns
A11;A12;A13;A14;A15;A16;A21;A22 and A23. For the non-trivial solution,
the determinate of the coefﬁcient matrix of these nine equations
must be zero. Thus, we can obtain the characteristic equation for
the exponential growth rate b as
det g1if g; g2if g; g3if g; g4if g; g5if g; g6if g; g7if g; g8if g; g9if g½ T ¼ 0;
ð55Þ
where i ¼ 1;2; . . . ;9; the superscript ‘‘T’’ denotes the transposition
of a matrix, and g1if g  g9if g are given in the Appendix A.
Introduce the following dimensionless parameters
b ¼ b
m
; d ¼ d
m
; c ¼ c
m
; r1 ¼ k2kb ; r2 ¼
a2
a1
;
r3 ¼ k2kb ; r4 ¼
l2
lb
; r5 ¼ h2h1 ; ð56Þ
f 1l ¼
f1l
m
; ðl ¼ 1;2;3;4Þ; g11 ¼
g11
m
; g12 ¼
g12
m
;
g21 ¼
g21
m
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ z
r1
r
; ð57Þ
Pj ¼
Pj
m2
; Q j ¼
Qj
m
; Nj ¼ mNj; Mj ¼ m2Mj; ðj ¼ 1;2Þ; ð58Þ
z ¼ b
m2kb
; H ¼ mh; R ¼ mR0kb; Q  ¼ 4a1q0R0C; ð59Þ
where
C ¼ 2lbl2
l2 1þH1ð Þ þ lb 1þH2ð Þ
; h1 ¼ a1=kb; h2 ¼ a2=k2: ð60Þ
Note that hj (j ¼ 1;2Þ are generally deﬁned as the distortivity
because they relate the thermoelastic distortion to the local heat
ﬂux in the steady-state thermal conduction problems (Dundurs,
1974). With the help of these dimensionless parameters, the char-
acteristic Eq. (55) can be written in the dimensionless form as
R þ C2 H; zð ÞQ  þ C1 H; zð Þ ¼ 0; ð61Þ
with
C1ðH; zÞ ¼ 1g21r3
þ g

12e
H cþg12ð Þ  g11eH c
þg11ð Þ
g11g12 e
H cþg11ð Þ  eH cþg12ð Þ
h i ; ð62Þ
C2ðH; zÞ ¼ D1ðH; zÞD2ðH; zÞ ; ð63Þ
where D1ðH; zÞ and D2ðH; zÞ are given in the Appendix B. If we set
the gradient index as zero, Eq. (61) can be reduced to the character-
istic equation for the thermoelastic instability between a homoge-
neous layer and a homogeneous half-plane reported by Yeo and
Barber (1991).
3. Stability criterion
The system will be unstable if the characteristic Eq. (61) has a
solution, either positive or complex with a positive real part, for
the dimensionless exponential growth rate z z ¼ b=m2k1
 
. This
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Fig. 2. Stability boundaries as a function of R with different thickness Hfor an
aluminum alloy on a copper half-plane: comparison with existing results.
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equation passes into the right half complex plane, either through
the origin or by crossing the imaginary axis (Yeo and Barber, 1991).
When the instability occurs for real roots, or when the ﬁrst root
of the characteristic equation passes through the origin, the stabil-
ity criterion is determined by setting z ¼ 0. Then, Eq. (61) can be
expressed as a linear relation between R and Q , that is
Q  ¼ R
 þ C1 H;0ð Þ
C2 H;0ð Þ : ð64Þ
When the instability occurs for complex roots, or when the ﬁrst root
of the characteristic equation crosses the imaginary axis, the stabil-
ity criterion is determined by setting z ¼ iw, where w is real. Sepa-
rating Eq. (61) into real and imaginary parts, we obtain the
following two real equations:
R þ Re C2f gQ  þ Re C1f g ¼ 0; ð65Þ
Im C2f gQ  þ Im C1f g ¼ 0; ð66Þ
where
Q  ¼  Im C1f g
Im C2f g ; ð67Þ
R ¼ Re C2f gQ   Re C1f g: ð68Þ
Eqs. (65) and (66) can be solved to determine the relation between
Q  and R at the stability boundary.
4. Results and discussion
This section will present the thermoelastic contact instability
between an FGM layer and a homogeneous half-plane. To compare
the stability boundaries for various material combinations, we uti-
lize the same classiﬁcation system as that of Yeo and Barber
(1991). They classify the systems to ﬁve distinct types of material
combinations, which are dependent on ratios of the thermoelastic
properties of materials. In the present analysis, the ﬁrst three types
of material combinations, i.e. Type 1, Type 2 and Type 3, are dis-
cussed. If the dimensionless ratios of material properties satisfy
r1 > 1 and 0 < r5 < 1=r1 or r1 < 1 and 0 < 1=r5 < r1, the system is
classiﬁed to Type 1; if 1=r1 < r5 < 1 and r1 > 1 or r1 < r5 < 1 and
r1 < 1, the system is Type 2; and if 1 < r5 < r1 or 1 > r5 > r1, the
system is Type 3.
In order to quantitatively analyze the effect of different gradient
indexes, it is assumed that the gradient indexes have the same
value, i.e. b ¼ c ¼ d ¼ n in the following analysis. The material
at the bottom of the FGM layer is chosen as the nodular cast iron.
The materials of the homogenous half-plane are chosen as the SiC
sintered for Type 1 ðh1 > h2Þ, the brass for Type 2 ðh1 > h2Þ, and the
magnesium alloy for Type 3 ðh1 > h2Þ. Note that the materials with
large value of h generally correspond to materials with great dis-
tortivity. h1 represents the distortivity of the bottom material of
the FGM layer. The thermoelastic properties of these materials
are listed in Table 1 (Zhang and Barber, 1990). The FGM layer with
positive/negative gradients indicates that the material propertiesTable 1
Thermoelastic properties of selected materials.
Properties Aluminium alloy Copper Nodular c
l (GPa) 27.273 45.489 64.122
a (C1106) 22.0 17.0 13.7
k(W/mC 173.0 381.0 48.9
k (mm2/s) 67.16 101.93 16.05
m 0.32 0.33 0.31exponentially increase/decrease from the bottom of the layer.
The effects of the gradient index, dimensionless thickness of the
layer, thermal contact resistance and classiﬁcation of material
properties on the critical heat ﬂux are analyzed in Figs. 3–10.
If we set the gradient indexes of the FGM layer as zero, the pres-
ent problem can be directly reduced to the thermoelastic stability
problem of a homogeneous layer and a homogeneous half-plane as
discussed in Yeo and Barber (1991). Fig. 2 presents the stability
boundaries as a function of R with different thickness H for the
case of an aluminum alloy layer and a copper half-plane. The
results given by Yeo and Barber (1991) are also plotted in Fig. 2
for a direct comparison. It is seen that the present results agree
very well with Yeo and Barber’ results.4.1. Type 1 material combination
Fig. 3 shows the stability boundaries for different values of the
gradient index n with the dimensionless thickness H ¼ 1:0. Since
R can take any positive value, it is convenient to condense the inﬁ-
nite range by plotting Q  against 1/(1+RÞ, which is always
between 0 and 1. It is showed that for the same value of n, bigger
the contact resistance R is, more stable the system is. Note that
n ¼ 0 corresponds to the contact between a homogeneous layer
and a homogeneous half-plane. For larger values of R, stability
boundaries can be determined from the linear real root criterion
(64), and the value of the critical heat ﬂux Q  increases with the
increase of n. For smaller values of R, the instability may occur
for both real and complex roots and stability boundaries need to
be determined from Eqs. (65) and (66) with lower values of Q ,
and the value of the critical heat ﬂux increases with the decrease
of n. These results indicate that we can increase the critical heat
ﬂux and change the stability boundaries, and hence modify ther-
moelastic stability behavior of systems by adjusting the gradient
index of the FGM layer.ast iron SiC sintered Brass Magnesium alloy
172.414 38.372 16.667
4.4 19.0 26.0
110.0 78.0 95.0
35.48 21.35 45.11
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Fig. 3. Stability boundaries as a function of R for different values of the gradient
index n with H = 1.0 (Type 1).
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heat ﬂux Q  for different values of the dimensionless thickness H
with R = 1.0. Obviously, the system exhibits instability for both
directions of the heat ﬂux. When the heat ﬂux transmits into the
more distortive material (i.e. FGM layer, Q  > 0Þ, the critical heat
ﬂux Q  increases ﬁrst, then decreases with the increase of the gra-
dient index n from 2.0 to 2.0 for a given H. It is also observed that
the thick FGM layer is more likely to be unstable than the thin one.
When the heat ﬂux transmits into the less distortive material (i.e.
half-plane, Q  < 0Þ, only the thinner FGM layer with positive and
large values of the gradient index can exhibit instability. For the
negative gradient index n, the system is unstable only for the posi-
tive heat ﬂux.
Fig. 5 considers the effect of dimensionless thickness H on the
critical heat ﬂux Q  for different values of the gradient index nwith
R = 1.0. The critical heat ﬂux decreases rapidly as the thickness H
increases from 0 to 2, and then it changes slightly as H increases
from 2 to 6. Furthermore, Q  ! 1 as H ! 0, that’s to say, a very-2.0 -1.5 -1.0 -0.5
-60
-30
0
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90
120
150
Q
*
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Fig. 4. The effect of gradient index n on the critical heat ﬂux Q  for diffelarge heat ﬂux is needed to cause instability for a very thinner
FGM layer. The similar phenomenon was also reported by Yeo
and Barber (1991).4.2. Type 2 material combination
Fig. 6 plots the stability boundaries for different values of nwith
H ¼ 1:0. It is found that the gradient index has a signiﬁcant effect
on the stability behavior of the Type 2 material combination. For
n < 0, the system exhibits both the complex and real root instabil-
ities with the positive heat ﬂux. For n ¼ 0, the system only exhibits
the complex root instability with the positive heat ﬂux, and the
stability boundaries are determined from Eqs. (65) and (66). For
n > 0, the system can occur the real root instability with the neg-
ative heat ﬂux, and the complex root instability with the positive
heat ﬂux. Similar with Type 1 material combination, the absolute
value of the critical heat ﬂux increases with the increase of the
thermal contact resistance.
Fig. 7 examines the effect of the gradient index n on the critical
heat ﬂux Q  for different values of H with R = 1.0. It is shown that
the contact for Type 2 material combination may exhibit instability
at both directions of the heat ﬂux. When heat ﬂux transmits into
the more distortive material (i.e. FGM layer, Q  > 0Þ;Q  increases
ﬁrst, then decreases with the increase of gradient index for the
thinner layer, and the maximum value of Q  occurs when the gra-
dient index ranges from 1 to 0. However, for the thicker layer, the
critical heat ﬂux can reach very large values for the positive gradi-
ent index. This result indicates that the system is very stable for a
thicker layer with the positive gradient index. When the heat ﬂux
transmits into the less distortive material (i.e. half-plane, Q  < 0Þ,
the instability can only occur for the positive gradient index, and
the absolute value of Q  increases as the gradient index decreases.
Fig. 8 shows the effect of dimensionless thickness H on the crit-
ical heat ﬂux Q  for different values of n with R =1.0. For the smal-
ler value of the gradient index (say 0:2 6 n 6 0:2Þ, instability
occurs only for the positive heat ﬂux. It is observed that the mini-
mum Q  (¼ Q 0Þ, which always occurs for a layer dimensionless
thickness approximated at H ¼ 1:3, decreases with the increase0.0 0.5 1.0 1.5 2.0
 H = 1.50
 H = 2.50
 H = 5.00
n
rent values of the dimensionless thickness H with R = 1.0 (Type 1).
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Fig. 5. The effect of dimensionless thickness H on the critical heat ﬂux Q  for
different values of the gradient index n with R = 1.0 (Type 1).
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Fig. 6. Stability boundaries as a function of R for different values of the gradient
index n with H = 1.0 (Type 2).
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values of the dimensionless thickness H with R = 1.0 (Type 2).
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Fig. 9. The effect of the gradient index n on the critical heat ﬂow Q  for different
values of the dimensionless thickness H with R = 1.0 (Type 3).
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Fig. 10. The effect of dimensionless thickness H on the critical heat ﬂow Q  for
different values of the gradient index n with R = 1.0 (Type 3).
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ﬁrst decreases rapidly to the minimum value, next increases to the
local maximum value, and then decreases to a stable value at larger
H. It is similar with Type 1 material combination that Type 2 mate-
rial combination has Q  ! 1 as H ! 0.4.3. Type 3 material combination
Fig. 9 depicts the effect of the gradient index n on the critical
heat ﬂux Q  for different values of H with R = 1.0. Similar with
Type 1 and Type 2 material combinations, Type 3 material combi-
nation permits the instability for both directions of the heat ﬂux.
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Fig. 11. The effect of the gradient index n on the critical heat ﬂow Q  for different
material combinations with H = 1.0 and R = 1.0.
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half-plane, Q  < 0Þ, the larger gradient index can lead to the smal-
ler absolute value of Q , which changes slightly as n > 1:0. When
the heat ﬂux transmits into the less distortive material (i.e. FGM
layer, Q  > 0Þ, the critical heat ﬂux ﬁrst increases, and then
decreases with the increase of gradient index for the thinner
FGM layer. For the thicker layer, the instability can only occur for
the FGM layer with negative gradient index.
Fig. 10 presents the effect of dimensionless thickness H on the
critical heat ﬂux Q  for different values of n with R =1.0. For the
positive heat ﬂux, it is observed that the minimum critical heat ﬂux
Q 0 occurs for the layer thickness approximated at H ¼ 0:7. Also, the
contact is very stable when the gradient index nP 0:0 and the
FGM layer thickness H > 1:1. For the negative heat ﬂux, the abso-
lute value of Q  decreases as H increases, and is almost unchange-
able for the larger H (say H > 2:0Þ.
Fig. 11 presents effect of the gradient index n on the critical heat
ﬂow Q  for types 1, 2, and 3 material combinations with H = 1.0
and R = 1.0. For positive heat ﬂux, type 3 material combination
leads to the maximum critical heat ﬂux. It is implied that type 3
material combination has the best performance on thermoelastic
instability among these material combinations. However, for the
negative heat ﬂux, type 1 will not exhibit instability. Furthermore,
the performance of type 2 on thermoelastic instability is better
than that of type 3.
Finally, we recollect the results of stability behavior in terms of
the gradient index for different material combinations. Table 2
tabulates the stability behavior for the thermoelastic instabilityTable 2
Stability behavior for the thermoelastic instability in terms of the gradient index with
R=1 and H ¼ 1.
Material
combination
Gradient Index n Critical heat
ﬂux
Root
Type 1 2:0 6 n 6 0:2 Q > 0 Real
0:2 < n 6 2:0 Complex
1:0 6 n 6 2:0 Q < 0 Real
Type 2 2:0 6 n 6 0:5 Q > 0 Real
0:5 < n 6 2:0 Complex
0:3 6 n 6 2:0 Q < 0 Real
Type 3 2:0 6 n 6 0:2 Q > 0 Real
0:2 < n 6 2:0 Complex
0:7 6 n 6 0:3 Q < 0 Complex
0:3 < n 6 2 Realbetween an FGM layer and a homogeneous half-plane with R = 1
and H ¼ 1. In Table 2, Re and C indicate that the system exhibits
the instability with a real root and a complex root, respectively.
Obviously, the stability behavior is very sensitive to the gradient
index of FGMs. For all three types of material combinations, the
system can exhibit either complex root or real root instability for
a certain range of gradient index n.
5. Conclusions
The thermoelastic contact instability of an FGM layer and a
homogeneous half-plane under the plane strain state is investi-
gated by using the perturbation method. The FGM layer and homo-
geneous half-plane are pressed together by a uniform pressure and
transmit a uniform heat ﬂux in the thickness direction. The charac-
teristic equation is obtained to determine the stability boundary
for three types of material combinations. The effects of the gradient
index, layer thickness and material combination on the critical
heat ﬂux and stability boundaries are discussed in detail. The
results of the present analysis are validated by reducing the prob-
lem to the contact between a homogeneous layer and a homoge-
neous half-plane. It is found that:
(1) For all three material combinations, the systems can occur
the instability at both directions of the heat ﬂux.
(2) The system with the thin FGM layer is generally more stable
than that the with thick FGM layer.
(3) Through the investigation of the static thermoelastic insta-
bility on FGMs, we could adjust the gradient index to
increase the critical heat ﬂux and change the stability
boundaries, and hence modify the thermoelastic stability
behavior of systems.
(4) Type 3 material combination has the best performance on
thermoelastic instability among these material combina-
tions for the positive heat ﬂow, while type 1 material com-
bination has the best performance for the negative heat ﬂux.
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Appendix A
g1if g ¼
(
ef11h f11 ms1ð Þ; ef12h f12 ms2ð Þ; ef13h f13 ms3ð Þ;
ef14h f14 ms4ð Þ; eðg11þcÞh N1M1 þ g11 þ c
 
;
eðg12þcÞh
N2
M2
þ g12 þ c
 
;0;0;0
)T
ðA1Þ
g2if g¼
ef11hL1
H11 ;
ef12hL2
H11 ;
ef13hL3
H11 ;
ef14hL4
H11 ;e
ðg11þcÞhW1;eðg12þcÞhW2;0;0;0
 T
;
ðA2Þ
g3if g ¼ 0;0;0;0;
eg11hg11
M1
;
eg12hg12
M2
;0;0;0
 T
; ðA3Þ
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N1
M1
þ g11

þ c; N2
M2
þ g12 þ c; 0;0;0
T
; ðA4Þ
g5if g ¼ 0;0;0;0;0;0;2m;1H2;2g21f gT; ðA5Þ
g6if g ¼
lb
H1  1 L1;
lb
H1  1 L2;
lb
H1  1 L3;
lb
H1  1 L4;lbW1;

lbW2;2ml2; H2 þ 1ð Þl2;2ml2
T
; ðA6Þ
g7if g ¼ s1; s2; s3; s4;
N1
mM1
; N2
mM2
;1;H2
m
;
g21
m
 T
; ðA7Þ
g8if g¼ 0;0;0;0;
kb H11ð Þg11
a1M1
;
kb H11ð Þg12
a1M2
;0;0;k2g21 H2þ1ð Þ g
2
21m2
 
a2
 T
;
ðA8Þ
g9if g ¼
q0lbR
0
H1  1 L1;
q0lbR
0
H1  1 L2;
q0lbR
0
H1  1 L3;
q0lbR
0
H1  1 L4; q0lbR
0W1

þ H1  1
4a1mM1
; q0lbR
0W2 þ H1  14a1mM2 ;0; 0;
 H2 þ 1ð Þ g21k2R0 þ 1ð Þ g
2
21 m2
 
4ma2
T
: ðA9Þ
W1 ¼ 1mM1 
H1 þ 1ð ÞN1 cþ g11ð Þ
m H1  1ð ÞM1 
m H1  3ð Þ
H1  1 ;
W2 ¼ 1mM2 
H1 þ 1ð ÞN2 cþ g12ð Þ
m H1  1ð ÞM2 
m H1  3ð Þ
H1  1 ; ðA10Þ
W1 ¼
1
M1
 H1 þ 1ð ÞN

1 c þ g11
 
H1  1ð ÞM1
H1  3
H1  1 ;
W2 ¼
1
M2
 H1 þ 1ð ÞN

2 c þ g12
 
H1  1ð ÞM2
H1  3
H1  1 ; ðA11Þ
Ll ¼ slf1lðH1 þ 1Þ mðH1  3Þ; Ll
¼ slf 1lðH1 þ 1Þ  ðH1  3Þ; l ¼ 1;2;3;4: ðA12ÞAppendix B
D1ðH; zÞ ¼ g

21r3ð1H1Þ
2r4
1þH2ð Þ þ 1þH1ð Þr4½ 

M2W

2g

11e
H g11g12ð Þ
M1W1g12

H2 þ1ð ÞF1  4r4 H1  1ð ÞF2½ 
þ 2 H1 1ð Þg21r3 H2 þ1ð Þ þ 1þH1ð Þr4½ Y1
þ k

21r3 1þH2ð Þ
2r4
1þH2ð Þ þ 1þH1ð Þr4½ Y2; ðB1Þ
D2ðH; zÞ ¼ ðH1  1Þ2g11g12g21r3½1 eHðg

11g12Þ½ðH2 þ 1ÞF1
 4r4ðH1  1ÞF2; ðB2Þ
where
F1¼
X4
i¼1
ð1Þief 1iHLi
X4
j¼1
j–i
ef

1j
Hdj
X4
m¼1
m–i
X4
k¼1
k–i
ejmkdmL

k;
F2¼
X4
i¼1
ð1Þief 1iHLi
X4
j¼1
j–i
ef

1j
Hdj
X4
m¼1
m–i
X4
k¼1
k–i
ejmksmf1k;Y1¼
X4
i¼1
Li
X4
j¼1
j–i
ef

1j
Hdj
X4
m¼1
m–i
X4
k¼1
k–i
ejmk eHðc
þg11Þsmf 1k 1þH1ð Þ M1g12W1M2g11W2
 	
þGf 1mskef

1mHdmEk


Y2 ¼
X4
i¼1
Li
X4
j¼1
j–i
ef

1j
HLj
X4
m¼1
m–i
X4
k¼1
k–i
ejmk ef

1mHdm L

kS2  dkS1
 þ GLmdk	 

þ eH cþg11ð Þ 1þH1ð Þ M1g12W1 M2g11W2
 X4
i¼1
Li
X4
j¼1
j–i
ef

1j
Hdj
X4
m¼1
m–i
X4
k¼1
k–i
ejmkdmL

k
S1 ¼ 2 eH g11g12ð Þ  1
h i
H1  1ð Þg11g12r2r4
þ 1þH2ð Þ 1þ g21
 
g21r3 M

1g

12W

1  eH g

11g12ð ÞM2g11W2
h i
;
S2 ¼ eH g11g12ð Þ c þ g12
 
M2 þ N2
	 

g11  c þ g11
 
M1 þ N1
	 

g12:
G ¼ eHðcþg11Þ c þ g11
 
M2 þ N2
	 

g11  c þ g11
 
M1 þ N1
	 

g12
 
;
El ¼ k12 N1f 1l þ ðc þ g11ÞM1sl
	 

 eH g11g12ð Þg11 N2f 1l þ g12 þ c
 
M2sl
	 

;
dl ¼ f 1l þ sl; l ¼ 1;2;3;4:References
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